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Transport noise

Consider the following stochastic equation on torus T¢ := R?/Z% (d > 2),
du = Audt + vAudt + odW; - Vu;  u(-,0) = ug(+), (SHE)

where A, v > 0, od means the Stratonovich stochastic differential and W (x,¢) is
a divergence-free space-time noise. We call this kind of noise as transport noise.
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Transport noise

Consider the following stochastic equation on torus T¢ := R?/Z% (d > 2),

du = Audt + vAudt + odW; - Vu. (SHE)

The physical backgrounds of transport noises in stochastic fluid dynamics:

@ Mechanics: (Mikulevicius and Rozovskii, 2004), (Holm, 2015) ...

@ Separation of scales: (Flandoli and Pappalettera, 2021), (Flandoli and
Pappalettera, 2022), (Debussche and Pappalettera, 2023) ...
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Transport noise

Consider the following stochastic equation on torus T¢ := R?/Z% (d > 2),

du = Audt + vAudt + odW - Vu. (SHE)

The physical backgrounds of transport noises in stochastic fluid dynamics:

@ Mechanics: (Mikulevicius and Rozovskii, 2004), (Holm, 2015) ...

@ Separation of scales: (Flandoli and Pappalettera, 2021), (Flandoli and
Pappalettera, 2022), (Debussche and Pappalettera, 2023) ...

This talk will specifically focus on the effects of transport noise on
@ inviscid mixing (A = 0,v = 0),

@ stabilization (A > 0,v > 0).
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The form of noise

Consider transport noise as follows,

d—1
W(z,t) = /Car Y > Ohori(x)W), (Noise)

kezgd i=1

where Cy = d/(d — 1), noise intensity x > 0, coefficient 0 := {0}, € (2(Z3) is
symmetric, {0, }rezd i—1,.. q—1 are divergence-free fields:

Ok,i(x) == dpexp{2nik -z}, k-dp;=0,
and {W*:#}, . are standard complex Brownian motions:
TR ki -
Wt [ Wt z’ [Wk’z, Wl,J]t = 2t5k,—l6i,j~
Specific case: Kraichnan noise,
Ca

1 1/2
— d. —
O = parayze VRS Lo ca= (zk: |k|(d+a)) ’

where a > 0. Kraichnan noise is important in studying turbulence.
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The form of noise

Under the above assumptions, (SHE) has the following 1t6 form

d—1

du = Mudt + (k + v)Audt + \/Cyk Z Z Ok (Tr;i - Vu) ex(z) thk’i-
kezd =1

The operator kA is a "fake" dissipation term, since it is nullified by the
martingale component in energy computations.
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© Inviscid mixing by transport noise
@ Backgrounds of mixing
@ Our and previous works
@ Sketch of the Proof of mixing
@ Application: Regularized 2D-Euler equation
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Transport equation

Consider the transport equation on torus T¢,

d
&u = b(iL',t) - Vu; u(-,O) = U()(~), (TE)

where g is mean zero and b : T¢ x [0, +00) — R% is a divergence-free
vector field. There is a corresponding Lagrangian flow ¢, : T¢ — T¢ as

d
Pet(@) = blpse(a),1); s =1d. (Flow)
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Definition of mixing

In hydrodynamic systems, vector field b(x,t) is said exponential mixing,
if there exists 5 > 0 and cg, Cz > 0 such that

lu(®)ll -5 < Cpe™**|luolyzs, Vuo € HP(TY).
It is equivalent to the Lagrangian flow ¢ ; satisfies

[(fowseg) < Cse 9| fllysllgllgs, Vf.g e HP(T?),

which means the strong mixing we usually use.

Remark: The inviscid mixing roughly means that the frequency of fluid
towards higher.
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There are a lot of works on exponential mixing. We only list some of them,

@ Deterministic fields: (lyer, Kiselev, and Xu, 2014), (Yao and Zlatos, 2017),
(Alberti, Crippa, and Mazzucato, 2019), (Elgindi and Zlatos, 2019) ...

(Alberti, Crippa, and Mazzucato, 2019) shows that the regularity (in space) of
vector field b(z,t) is closely related to the exponential mixing.
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There are a lot of works on exponential mixing. We only list some of them,

@ Random fields: (Bedrossian, Blumenthal, and Punshon-Smith, 2022),
(Pappalettera, 2022), (Cooperman, 2023) ...

(Bedrossian, Blumenthal, and Punshon-Smith, 2022): b(x,t) is a solution of
the Stochastic Navier-Stokes equation driven by an additive noise.

(Pappalettera, 2022): b(x,t) is an Ornstein-Uhlenbeck velocity field.

(Cooperman, 2023): b(x,t) is a random shear flow.
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There are a lot of works on exponential mixing. We only list some of them,

@ Stochastic fields: (Gess and Yaroslavtsev, 2021), (Coti Zelati, Drivas, and
Gvalani, 2024), (Luo, Tang, and Zhao, 2024) ...

When b(x,t) is a stochastic field, then (TE) rewrites as

du = odW; - Vu;  u(-,0) = ug(-). (STE)
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Our work: Mixing by transport noise

Consider the (SHE) with A =0 and v = 0:

d—1
du = kAudt + /Cyk Z Z 0 (5k7i . Vu) er(x) thk’i. (STE-1)

kezd i=1

Theorem 2.1 (Luo, T., Zhao, 20247; arXiv:2402.07484)

If initial data uy € L?(T%) and noise coefficients {0y }1, € ¢%(Z8), then the
solution w of Eq. (STE-1) is exponential mixing.

(i) VB > 0, there exists a constant Cj q > 0 such that
El[u(t)l|%-» < Cpae™ "D Juo||Z,
where C(0,d) ~q [|0]|7 -, := >, |k| 7267

(i) IF]|0]3: == 34 |k|?07 < 400, then for any 0 < \o/k < D(8,d) ~q ||0]|7_,
and q € (0, D(+‘f)” —1), there is Cy; 9,a(w) with finite g-moment such that

P-a.s., ||u(t)||§{,1 < Cr9.a(w) e~ Pot Hu0||%2, vt > 0.
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Comparsion with previous works

Consider the following equation on mainfold M?

du = FUZ (o%(), Vu)ppg 0 AW, (STE-2)

Theorem 2.2 (Gess and Yaroslavtsev, 2021; arXiv:2104.03949.)

Let {o)(x)}i satify the Hormander condition, elliptic conditions and some
regularity conditions. Let the initial data ug € H®(M) N HY(M), 8 > 0.
Then the solution u to (STE-2) is exponential mixing:

P-as., |u(t)|g-s < C(w) e~ ot llwol| e, ¥Vt > 0.

This result is coming from the exponential ergodicity of the two-point
Lagrangian flow (¢¢(z), ¢:(y)) on off-diagonal set D¢ and the fact

E|(f o o1, g)[2 = /Mﬁ (f % £)(@.9) a(x)g(y) p(dz)pu(dy).

! M is a d-dimensional C*°-smooth compact Riemannian-mainfold.
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Comparsion with previous works

The divergence-free fields {0y ()} specifically need satisfy
e Hormander condition: Lie(oy,...,0x)(z) = TpyM.

e Elliptic condition for (o%(+), 0%(:))x on D*:
> l{on(@n)svi)ey + (on(@2), vabas|* = C(lor | + [0af?),
k

where v; € T, M for i = 1,2.
o Elliptic condition for the normalized tangent flow: ...
@ Regularity conditions: there exists a € (0, 1] such that
(2,y) = Y Doy(x) @ Dow(y), (x,y) = > _ D’ox(x) @ ox(y)

k k
are a-Holder continuous, and . ..

Note: If M = T, the above conditions are more difficult to verify and
stronger than those in our work.
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Comparsion with previous works

Consider the following equation on R,
du = Vo dW,. (STE-3)
W (z,t) is a specific Kraichnan noise on R¢, where
EW(z,t) =0, E[W(x,t),W(y,s)]=D(z—y)({tAs),

with the isotropic covariance matrix D,
2
D(0) — D(r) = Dy [Id + () -re r)] 12,
Let I5(r) := Td%w. Due to Hhleq_ﬁ = (h,Ig* h)p2 and
(D(0) = D(r)) : V, @ Vg = —Aa plg,

Itd formula gives the exponential mixing in the average.
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Comparsion with previous works

Consider the following equation on RY,
du = Vu o dW;. (STE-3)
W (x,t) is a specific Kraichnan noise on R?, where
EW(x,t) =0, E[W(x,t),W(y,s)]=D(x—y)(tAs),

with the isotropic covariance matrix D,

D(O)—D(T)zpl[mﬂdfl

J(Id—r® r)} |r|?.

Theorem 2.3 (Coti Zelati, Drivas, and Gvalani, 2024; J. Stat. Phys.)

Fix 8 € [0,d/2), the solution u to Eq. (STE-3) satisfies
Ellu()lf-s < e % Juglf—s, t20,

where A\g g = 2D15(d — 23).
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Comparsion with previous works — Summary from results

du=">"on(z)- VuodWf. (abstract-STE)
k

Literature & Result Space Initial data Noise

A: Mixing in P-a.s. M HP(M)N HY(M) Hérmander conditions and
some regularity conditions

B: Mixing in average R? Not specified! Kraichnan noise
C: Mixing in average T L*(T%) {0k} € 02(Z3)
C: Mixing in P-a.s. T¢ L*(T%) {0} € K1 (ZE)

A : (Gess and Yaroslavtsev, 2021)
B : (Coti Zelati, Drivas, and Gvalani, 2024)
C : Our results (Luo, Tang, and Zhao, 2024)

LAt least ensuring the well-posedness and belonging to H~?(R%).

Bin Tang (Peking University) Inviscid mixing by transport noise July 23, 2024



Comparsion with previous works — Summary from methods

du = Z op(x) - Vuo dWE. (abstract-STE)
k

A (Gess and Yaroslavtsev, 2021): Studying the two-point Lagrangian
flow (@¢(x), @¢(y)) and proving its exponential ergodicity.

B (Coti Zelati, Drivas, and Gvalani, 2024): Using the identity about this
special Kraichnan noise. It doesn't work for torus and other noises.

Using the symmetry of noise coefficient 6 := {0}, and the particular
spectrum of A on T¢, we find an elementary and direct approach to the
exponential mixing.
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Sketch of the Proof of mixing

For simplicity, we consider d = 2. Eq. (STE-1) rewrites as

du = kAudt +V2k Z 9k<

kez?
Then E|dy|? satisfies the infinite dimensional ODE:

E Vu) p(@) dWE, u(0,-) € L2(T?).

|k - -

d
dt]E|uk|2 —872k|k|*E|dg|? + 1672 /@2292 e |, |2
pn lez?
12 2 SN2 ma |2
= 167 Y 6; e (E|uk_l] E|iy| ) (ODE)

lez?
To prove exponential mixing, we only need to show that the /7 norm of
Y}, := E|ax|? decays exponentially for some p € (1, +00). By symmetry,
VP = -8 02’k i (Ve — Vo) (VP vt
dtz —8mkp Z i1 ke — Vi) (VY v
k,leZ2
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Sketch of the Proof of mixing — Continue

To prove the exponential decay rate of >, Y/(t), we need
k- 1+ -
ZYP = 292| TE s (Yewr = Yi) (V2 =)

for some ¢ > 0. We have the following inequality in one dimension

S a3 DA ) ant )
neN nGN
Let T'(ko,n) = ko + ["T“J L+ |2] 1+ with ko - I+ > 0. Noticing
T(ko,n) - 1H2 ‘ko It N LEJ ‘2 _(n+1)?
UE IR 241l 74 7

we can decompose Z3 into countable orbits as the above form and apply
the inequality to obtain the exponential decay of 3, Y/ (t).
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Sketch of the Proof of mixing — Continue

We give a diagram of this decomposition,
Y axis

0 N r 3,2),-
= Q1 12 . 1,1(( )/,.) .
\ P | a7 \\
ST 11 (\ FI-Q((Ov 5)) '\ ’FFLQ((8’4)")
\
Vi
Iy o 10 S S _»
h I;\ Ql /‘\ w7
- 9 —» _» «”
\ N 5 \
b | | 8¢~ « ‘,F
\ N \ \
Y 74 Y » 0Q1,2
Y \ \ e 11 g
| -6 » » «” i
\ ?// 2,’ \ |
. «5 «” \,; (8,4) P
\ AY \ \ -
h % S e
v \ 0’3 \ _ -
-3 ( ) (32)//5 _
\\‘2; ':’7/ -
W

6 -5 4-3-2-1 01 2 3 4 5 6 7 8 9 10 11 12 z axis
Figure: The decomposition of @y for I = (2,1)
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Sketch of the Proof of mixing — Continue

Combining the above estimates, we obtain
1 1
Y@l < e 20 sy ()|, W2 >0,

where Y (t) := {Y}(¢) }. By Holder inequality, for 3 > 1/2,

Ellu(t)|7-5 = Z ’];frklw (Z \27rk‘4ﬂ)1/ (; (E|ﬂk(t)|2)2>

ngﬁ”%*WW®%§067”W*ﬂwﬁx

1/2

Similarly, the exponential mixing in average also holds for 0 < 8 < 1/2.
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Sketch of the Proof of mixing — Continue

To obtain the exponential mixing in P-a.s. from mixing in average, we
need the Borel-Cantelli lemma and the following boundness lemma.

Lemma 2.4 (Luo, T., Zhao, 2024"; arXiv:2402.07484)

If initial data ug € L?(T?) and noise coefficient § satisfies ||6]|2, < oo,
then the solution u to the stochastic transport equation (STE-1) satisfies

E| sup [lu(t)lf-| < 2luolf-r.
te[0,to]

— (V/11=3)2 L
where tg —( 16 ) 72 dr[|0]]7 > 0.
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Application: Regularized 2D-Euler equation

We apply our results to the nonlinear equations, such as the regularized
stochastic 2D Euler equation with o > 0 on T?:

dw + v - Vwdt = \/2/@20ka -Vwo thk,
k (R-Euler)
u = curl "H(—=A)"?w, w(0,-) € L*(T?),

where curl ~! is Biot-Savart operator.

Note: similar to the 2D Euler equation, the regularized equation

d
Y +u-Vw=0, u=curl (=A)"?y,

has the following identity when w is smooth,

leo(®)lar1-o = [w(O)[y-1-a, ¥t 0.
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Application: Regularized 2D-Euler equation

We apply our results to the nonlinear equations, such as the regularized
stochastic 2D Euler equation with o > 0 on T?:

o - Vw k
dw +u-Vwdt = \ﬁZK k[T o Wy, (R-Euler)

u = curl “H(—=A)"2w, w(0,-) € L*(T?),
where curl ~! is Biot-Savart operator and K, is a normalizing constant.

Let W) := W} — [ Ko k|t % ds, then by Girsanov theorem,

W} is a Brownian motion under P. Then (R-Euler) rewrites

dw = kAwdt + v 2%2 ;k|k|vli0a dWPr.

Thus, w is exponential mixing in average with P.
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Application: Regularized 2D-Euler equation

We apply our results to the nonlinear equations, such as the regularized
stochastic 2D Euler equation with o > 0 on T?:

o - Vw k
dw +u-Vwdt = WZK || T o Wy, (R-Euler)

u = curl “H(=A)"2w, w(0,-) € L*(T?),

where curl ~! is Biot-Savart operator and K, is a normalizing constant.

Theorem 2.5 (Luo, T., Zhao, 20247; arXiv:2402.07484)

For fixed R > 0 and initial data wo(-) := w(0,-) € L*(T?). If |wol3. < R
then for any X\ > 0, there exist a noise intensity k(\, R) such that

Ellw(®)}-1-a < Ce M |lwollz2, ¥t > 0.
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Outline

© From mixing to stabilization
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Backgrounds of stabilization by noise

The trivial solution X; = 0 of ODE
Xt =Ap Xy, XoE€ Rd,

is unstable if matrix Ay € R%*? has positive eigenvalues.
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Backgrounds of stabilization by noise

The trivial solution X; = 0 of ODE
Xt =Ap Xy, XoE€ Rd,
is unstable if matrix Ay € R%*? has positive eigenvalues.

(Arnold, Crauel, and Wihstutz, 1983) showed that suitable linear noise
induce asymptotic stability. If TrAg < 0, then there exists skew-symmetric
matrices Aj, such that the solution to

d—1
dX, = Ao Xy dt + kY | A X o dW}
k=1

is P-a.s. exponentially decays with an exponential rate arbitrarily close to
éTrAg < 0 for k large enough.
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Backgrounds of stabilization by noise

Consider Ay = <(1) _02> and Trd4p = -1 < 0.

VY

A

Y N

Vi
N

NZ

e L
\.

A

Xt = AO Xt dXt == AO Xt dt + I{Zi;% Ak Xt o thk
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Backgrounds of Stabilization by noise

Can this result be extended to the infinite dimension?

Let A >0 and v > 0. Recall Eq. (SHE) as
du = Audt + vAudt + odWy - Vu;  u(-,0) = up(+).
Due to Tr(vA + X) = —oo, Capinski in the late 80s formualted the

conjecture that under suitable nosie, the solution of (SHE) exponentially
decays with an exponential rate arbitrarily close to —oc.
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Stabilization

Let A > 0 and v > 0. Recall Eq. (SHE) as
du = Audt + vAudt + odWy - Vu;  u(-,0) = up(+).

Theorem 3.1 (Luo, T., Zhao, 20247; arXiv:2402.07484)

Given initial datum ug € L?(T?) and 0 € ¢%(Z3), the solution u satisfies

87T2V —'— D(Q, d) K _(_ 7T21/ e
e e I

where Cy > ﬁ and D(0,d) ~q ||6]|2_,. There are noise parameters (., )
such that 2\ < 8x*v + D(0,d) r, then E|lu(t)||3. decays exponentially.

The similar result also holds in P-a.s. sense.
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From mixing to stabilization

We follow the idea of (Gess and Yaroslavtsev, 2021) to obtain the
stabilization from the exponential mixing. The key point is

2Xt 2t 2t
d e 2ve 2ue

- = U 2>
At Elu(t)2. (IEHu(t)||%2)2EH Ol EEHu(t)H%,_l

Using the exponential mixing:
Efu(t)3r < C o CRHREDO0 o2,

we obtain the stabilization for k > 0 big enough.
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Thank you !
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